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Hence, for our particular model, we seek the solution of 

(34) h(Q, T) = A + BQ + CQ" = Q , 

where 

DO DO 

A =JqO(T)g(T) dT =JA[l  (3 exp [-IXT]] exp [- h] dT = 1 -IX ~ A ' 
o 

DO DO 

B =jql(T)g(T) dT =jA({3  y) exp [- (IX + }.)T] dT = (~~Yl~ , 
o • 

DO DO 

C = jql(T)g(T) dT =jYAexp [- (IX+ A)T]dT = IX ~ A' 
o 0 

with A+B+C = 1. Therefore, the probability that the cascade will even
tually terminate is given by the smallest non-negative solution, less than 

unity, of 

(35) YAQI  [IX  A(l- ({3 +y))]Q + IX +A(l- (3) = O. 

. For values such that 

[IX  A(l- ({3 +y))]1 > 4YA(1X + A(l- fl)) 

two real roots, say CI and CII of (35) exist; and Q = min (CII C.)· 

RIASS UNTO (.) 

Nel presente lavoro si considera un modello semplice di una cascaLa di elettroni 
c' fotoni in cui Ie probabilitil. di trasformazione sono funzioni dello spessore dell'assor
bitore. Si ricavano la media e la varianza del numero de~li eleUroni nella cascat.a in 
funzione dello spessore dell'assorbitore e se ne discutono Ie proprietil.. Ki da aneha 
un 'e'luazione che fornisce la probabili t.il. ehe la caseat.a si arresti. 

(.) Tradu.ione " ~lIra dr/I" lIedn.ione. 
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Analytic Properties of Scattering Amplitudes 
as Functions of Momentum Transfer. 

H. LEHlI[ANN (*) 

Illstitute for Advanced Stlldy PrillCeton - New Jersey 

(I'icenlto it 31 Luglio 1958) 

Summary. - Scattering amplitudes are shown to have analytic pro
perties as funct.ions of momentllm transfer. The part.ial wave expansions 
which define physical scatt.ering amplitudes continue to converge for 
complex values of the scattering angle, and define uniquely the ampli
tudes appearing in the unphysical region of non-forward dispersion rela
tions. The expansions 1'011verge for all values of momentum transfer 
for which (lispersion relat.ions have heen proved. 

1. - Introduction. 

The purpose of this note is to derive some properties of scattering ampli
tudes which follow from causality in relativistic quantum theory. It will be 
shown that a scattering amplitude has-for fixed energy-analytic properties 

. 88 a function of scattering angle or momentum transfer. This consequence 
of causality is distinct from the existence of dispersion relations (,-0) which 
express analytic properties of a scattering amplitude as a function of energy 
for fixed momcntum transfer. However, our results are of interest mainly in 
connection with dispersion relations for non-forward scattering. They imply 
that for all values of momentum transfer for which dispersion relations have 
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been established (a'!)-in n·N scattering this is the case fOI'moment,um 
< (i·(2m+Jt)/(2m-Jt))1.4Jt-the so,(·.alled non'physil'al "('gion is l'ompIAt.-l 
determined by the physieal phase shifts via the llarthtl wave expansion, 
possibility has been sugge&ted I,reviously ('). 

We disregard spins :~nd consider the seatte1'ing of a clutl'gc(l 
mass m (nucleon) with initial momentum p, final momentum p', and a 
part,icle of mass Jt < 2m (meson) with initial momontum k, final momentu_ 
Wo I~sume ill addition that theso particles are not coupled to othel' 
of charge zero and mass < 2Jt or of charge one and mass < m+Jt. Our 
are valid also for the scattering of equal particles (m = Jt) under correlloond 
restrictions on tIle mass spectrum. 

As is well known,. several equivalent expressions for the scattering 
in terms of Heiscnberg operators may be given. With Hie notation 

(lJ'k' out Ipk in) = (p'k' in Ipk in) + i(2n) dIp + k _ p' - k')T 

the amplitude T may be written as (0) 

(1) T = -fd.xexp [i~t k') xJ (p'IR'A (~)A (- ~)IP)' 

or 

(2) T = -fd«X exp [ilk'; p') reI (OIR'A (~)'P (- i) Ipk in) , 

A(re) and 'P(re) are the meson and nuC'leon field operators. il' denotes a 
commutator. For example, 

R'A(re) 'P(Y) = - i(Dv - Jt")(Oy - mO) O(re - y)[A($), 'P(Y)]. 

The state vectors refer to incoming or outgoing particles with definite 
as indicated. 

Eq. (1) is used in the derivation of dispersion relations. Eq. 
other lland yields directly information about the scattering amplitu4 
function of momentum transfer, since-in tho center of mMS 
variable appears only in the exponential. However, more informatioD 
tained in both cases by observing that from either (1) or 

(6) M, J,. GOLDBERGER: ProceetliU!/8 01 ale ."ixtlt Awtual ROO/lester 
(New York, 	1956), 

(.) H, LEHMANN, K, SYMANZIK and W. ZIMMERMANN, Nu()vo Cimtmt6, 8, 
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UI(' ima~inlH'Y part, (If th!' amplitlHi!' lIlay h!' d('I'in.d, 

ll
1m T = nfd"T', 11',1'2 !'xp ri (k'-l ),r, ilk -ll ):I"J.


:2 :2 


't (O)i'A (t) V' (-~)Ip + k, y) '(p + k, yIR'A (~')tp+ (-~) 10), 

a Rum (Iv!, I' all slaf!'H with total four-moment.um p+k. gq, (:!) is 

ooerg-y shen) equiva)('ut to til(' unitary j'eqnil'('ment for t,he S('lIttl'ring 
It WltS first IIsed hy B(lOOLHlROV et fli. ('). A simpl(> proof of this 

is giv!'n i II ~(.!'t. 3. 

general m!'thO(l 1I81'd t,o oht,aill (·xplidt. ('Olls('(lll!'lI('PS of 111('8(, ('xl)!'!'S' 
. may be desC'ribed as follows: 

ease the s('at.t'(,l'illg amplitll!l('-or its ill1:1l!inary pal't-appNU'S as til(> 

tmm;form of a r!'t.aI'd!'!i ,'ommutatol' 01' of a slim over produ(.t!! of 
oommut.ators. Tlwl'!'fol'(' it. is Rimply I'(llated to Mw .I<'onrit>r.t!'anRforrn 
eOIT!'spomlinl!' ulII'l·tal'!l(·d (,Olllmntntor wllh·1t is ill th!' ('us,' of (2) 01' (:i)
by 

F(q) = fdlX exp [iq,r] (0 IIi (~) ,f (- ~)] IT' +k, y), 

j(lI:) = (0 - Jt2) A (.T) ; f(rr) = (0 - m') 1p(.T). Wn know about P(q): 

it is th!' Fourier transform of II fUlldion thaI 
v:misll!'R for spa('I'·lik!' ,r ; 

vanishes unless 

'[10+ ko + q. 0 and2 	 e~~I~: +qy m~, 
or 

p+ ko '>0 1Ik~.. ~-. qo?"
2 

- and ( -q)8.m•. 

statement follows dil'eetlJ' if a sum over illtl'I'mediate stall'S is 
in' (4). m, and m. ar(' the massl'S of Ule low('st, inj,{'rm!'diate atlll!'s 
ribntl1 to t.11!' two t.!'l'IUS of t.he eommlltalor. III t.h!' r,.N ('IIS(> 
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DYSON n has solved thc problem of finding a representation of all 
satisfying these conditions. His result is: :1<'01' F(q) to satisfy (4a) and 
it is necessary and sufficient that it can be represented as 

., 

" 
(5) F(q) = jd"IIJdX'o(qo - uo)b[(q - U)2 x'1tp(u, x") • , 

o 

tp(u, Xl) is arbitrHry if the vectors (p+k)/2+!~ and (1)+k)/2 u both 

t,he forward light-cone and 


l /(P + k). l/(P+k-)I}X ;> llax {0; m1 I -2- +!~ i ml -2- - U • 

tp vanisIles outside this region. It depends, of course, also on 
numbers y and on p +k. All our results will be based on appllCatlo~ 
Dyson's theorem. 

For the I<'ourier transform of the retlmled commutator which appears 
or (3) we have the relation (q' = (q~, q» 

Fl/(q) = ~j~q:F(q') ; Imqo;>O, 
qo qo 

if Fl/ is sufficiently bounded. 
Inserting (5) gives 

(6) Fl/(q) -.-!-fd4uf dxltp(lt, Xl) 
21/: (q - u)· x' " 

In general we cannot expect FJI. to be bounded enough for (6) to hold 
form. The necessary modification (8) does not alter the analytic 
we are interested in. It is therefore sufficient to discuss (6). We 
it both for Eq. (2) and Eq. (3), 

2. Momentum transfer properties of scattering amplitudes. 

By inserting (6) into Eq. (Z) we obtain 

(7) T = ~f (PU~,,'tp(u,x'~ 
21/: (k'-p')/Z-u)' Xl' 

(1) F ••J. DYSON: PIII/S. Rev., 110, 1460 (1058). 
(8) R. JOST and H. I~EIIMANN: Nuot·o Cim<!/lto, 5, 1598 (1957), Eq. (4.5). 
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invaritLnt function of the vectol'S u, p, k. The integmtion extends OWl' 

given in (5). We choose the center of mass system to evaluate (i) 
introduce tlw VHl'i;tblcs 

LI" = _ (k - k')2W' (/J + k)'j 4 . 

or 

- (m + tt)I][lV2 (,n - #)'1.K'= cos {} 1 ZLI" .. KI' 

then only 011 u·, 1~., u' h, ;v.', lV. It vanishes outside 

o"u "W/Z; - lV/2 + U "uo " W/Z - U , 

l(;>l\Iax{O; m 1 - - Uli m 2 - V(WIZ- Uo).-=· u 2 }. 

eo-ordinates in u-space, (7) becomes: 

2., :1 

T(lV, cos (}) - "~l(jduofudujdXJdlXjdfJ' 
.. 0 

tp(Uo, u', cos IX sinp, X', lV) 

K' + u' + x'. (uo+(1/1,'.-:- #I)/Z",)I _ cos (0 _ u) , 2Ku sin fJ 

f 
m ,r ." 

tp(x, COSIX_,_ 
T( lV, cos (}) = dX) dlX ':;;--cos(D IX) , 

Xo(W) 0 

" 
W) = - 4~Kfd1tofudu.rdxIJdP' 

-P')/21V)~1 ~t', COS IX sin p, ;v.2, 11') • 

limit ,vol IV) is determined by 

+ 1~2 + x' - (Ito+ (tn" Il1)/ZlV)2}xo(W) = l\Iin ----2)(u- .... - ..-- , 
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if "0' 'It, " vary over tlie region (9). The minimum can be cl\leulaWd in au ele

mentary manner. Tlie reBult is 

(m~ p.·)(m~ - m"l .1l 
'{12) x.(W) = [1+ klfw- _ (ml mo)l] 

In (11) the scattering angle cos 0 appears only in the denominator. We may 
therefore consider cos 0 as a complex variable and the sc.at.t.eriIlg amplitude 
.as an analytic function of cos O. Moreover, this call he done s('purnt('ly for 

the real and imaginary parts of the amplitude. 
Singularities of these funetions e:lJl O('lmr only if t.Iw (]('l1ominat.or on UIIl 

right hand side of (11) vanishes. That is for 

eOB 0 = X· COB IX ± iv.ii 1 Bill IX • 

We have therefore the following result: 

The real part and the imaginary part of the scattering{13) 

amplitude are analytie functions of cos 0, regular inside 

an ellipse in the eOB 1'l-plalle with eenter at. the origin 


and with axes xo, 


We shall see presently-making use of Eq. (3)-that the imaginary p:trt of 
the amplitude is regular in a larger domain, namely: 

llli T( W, cos 0) is reguJ;lr in cos 0 inside an dlipse with(14) 

center at the origin and with axes 2x! - 1; 2mo 


Xo is given by (12). 

Using eOt:! 0 = 1 (2L1I/K") we can, of course, re-express (13) and (14) as analytic 
properties of the seattering amplitude as a function of momentum tr:tnsfer. 

These .results (we def{lr the proof of (14») lead-using well-known mathe
matical theorems (I)-to the following propm·ties of t.Iw partial wav(' cxpansion 

of the scattering amplitude. 

T(W, cosO) = 

{15) 
G,(W)with 

l,et 

1 W co 
-. ! (21 + I)G,(W) P,(<'os 0) , 
n 1-0 

n" Kf1 

"2 w d cos OT(W, cos O)P/(COB 0) . 

-1 

L-r (I) E. T. WIIITTAKER a.nd G. N. 'VATSON. A course 0/ flwtiern a'oalysis, 4th Ed., 
~Ca.mbridge 1{}40), p. 322; G. RZEGO. ()rtlwgonal Poll1lUmlials, (New York. 1939), p. 238. 
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The Legendrc serics eonvel'ges inside the domain of regularity of the re
presented functions; i.e. for eos 0 inside the ellipses (13) 'or (14) for Hc T or 
1m T respeetively. Also 

1 
(13a) lim IHe G,( lV) I'" .;;; ;"-+- Va:!~1 ' 

l-loCO 0 

1 
(Ua) 11m G,( lV) jill .;;; (Xo +-,/i:-::..-l)' 

Taking into :W!'OUllt the unitarity relation 

(16) 1m GI ( lV) > rUe G,(W)]2 + [1m GI(W)]2, 

we may note that (13a) is actually a consequence of (14a) j i.e. if 1m T(ll', cos 0) 
:ill regular in the domain (14) it follows immediately that Re T( W, cos 0) is 
regular in (13). 

We cannot eonclude, of course,. that the amplitude T( W, cos 0) actually 
has singularitics on the boundary of tlle domains (13) or (14). Using more 
physical information it may well be possible to improvc these results. 

To discuss the ('onncction of the above statements with the non-physical 
regioll of dispersion relations, let us consider 1m T(K", LIZ), the imagiIllIry 
part of the amplitudc, as a function of e.m. momentum and moment,um 
transfer-the physical region is given by K" > LIz. Howevcr, in the dispersion 
relation 1m T(K", LlI) is needed for all 1(1) O. The expansion 

1 W '" ( 2L1')(15a) 1m T(K", = 2 K ! (2l + 1) 1m G,(W) P, 1- -K-. , 
,n 1_" 

defines a continuation of 1m T(KI, LI") into the non-physical region. The 
series convergcs if 

LI" < K1z; KI + ~m~_ p.1)(m~ m') . 
W2 (ml - mo)' ' 

i.c. it converges for nil K2 > 0 pl'ovided 

LIz < Min {K"x!} . 

This leads to tlw rcstriction 

82m + p. 'p.' ~ 31'",
LlI<32m_p.. 

h :18 '" 11 .:Y tU.I1"O ('imento.a 
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in the 1t-N C38e. (LI' < 2p,' for equal particle Ilcattering with m1 

We ha.ve Iltill to show that the continuation given by (loa) 
ml 2p.). 

T for 
= p,1) but 
can then 

= 

M(- w, C, LIt)}. 

j(O)] Ip + k, y) 

! 

is indeed the 
correct definition of the non-physical region in the dispersion relation. 

8. - Connection with dispersion relations. 

To identify 1m T(K', LI') as given by (loa) with the dispersion relation 
integrand it is convenient to consider (1) (which defines a function 
arbitrary real vectors k, k') not only on the energy shell (k' = k,t 
for the more general case kl k,ll;; keeping p' pll mi. T 

be considered as a function of 

(k + k')(p + p') LIt = - (p - p')'I;=kt=k't, 
w = -'--::"'2'\IF:(=p=+=p;:::,),== 4 

We derive first Eq. (3). 

leads directly to 


(17) 1m T(w, 1;, LIt) = ~jd4x exp [i (k ~ kl) x] <p' I[i (~), i ( -~)] Ip) 

= "21 
{M(w, C, LlI) 

with 

(18) M(w, C, LIt) =j d 4a: exp [i (k ! kl) x] <p' Ii (~) , j (-~) Ip) 

= (2n)4 L <p'Ij(O) Ip + k, r> <p + k, r 
y 

Let rp in (pI) denote the annihilation operator for an incoming nucleon with 


momentum p'. Then 


(p'Ii(O)lp+k,r) (Olrpin(p/)j(O)lp+k,r) (Ol[rpin 

if (p +k_p/)t = k't I; < 9p,1 

since <0 Ij(O)rp in (p') Ip + k, r) 0 in this ease. With the relation 

[rp in (p'), 1(0)] = (2~)'fd4x exp [ip'x]R'A(O)¥,(x) , 
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and an analogous treatment of the second factor in (18) we have 

(19) M(w, 1;, LlI) = 2njd4xl d 4x, exp [ip'xl - ipxt ] ~ (0 IR'A(0)¥'(x1 ) Ip + k, r)' 

.(p +, k, rIR'A(O)¥'+(xo) 10> = 2njd4x1 d t XI exp [i (k' 2 PI) a:l - i(k 2 P) 

. f (OIR'A (;1) ¥' (-i) Ip + k, r> '(p + k, rI R'A (~) ¥'+ (-~) 10>. 

We note that the imaginary part of the physical scattering amplitude is !'('iven by 

(20) lm T = !M(w, p,1, LI'), 

The term M(- (1), p,1, LlI) does not contribute since it vanishcs for w ;;;. V.1 I<+p.I, 
Hence (19) is on the energy shell equivalent to (3). 

To find analytic properties of M 38 given by (19) wc use again the inte!'('ral 
representation (6). This leads to 

1 j d4uldx~d4utdx:(,/}(ul! Xu U I , XII P + k) 
(21) M(w, 1;, LlO) 2n [«k'- p')/2 - U1)1 - xf)[«k p)/2 Us)O x:r 
wherc 

(,/}(u" X1I U., x., p+k) 2: rpy(u" XI! p+k)rp;(u., KI! p+k) 
)' 

is built up from the weight functiolls rpy corresponding to the individual tt'rms 
on the right hand side of (19). (/> is a real, invariant function whi('h satisfies 
the support conditions (6) in each pair of variables ", X separately. We choose 
the center of mass system and replace by(1) 

W' = 2wvLI' +mia + 2.1' + ml + I; . 

Then 
1 

(22) M(w, 1;, LIt) 231: 

d4Uldx:dtUldx:(,/}(UlO' u~, x~, u.o,u:, x~, UlUs/UIU., W) 
tJrll_ 1;)/2W + UlO}t - ~ (h'- u1)1)[«m' -1;)f2W + ""O)-- x:- (Ie -u.)'] . 

With polar co-ordinates 
2ft" 1'1 111: 

(23) M(W, 1;, LI") 0_ ;.,,., jdU 0 u, du/ d",~jdlXjdP.JdP,jdX· 
o 0 0 0 

(,/}(U 0, u!, X:, cos IX Bin PI Bin P. + cos PI COB Po, W) 
[xl(l;) - cos (iJ -< X)][xo(l;) C08 (X - IX)] 

i 
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XI(C) __K_'(_')_+_u~+_ ,,~::-::-(i~~-::-il!2lJ'_-t~IO}I. 
- 2K(C)uIsin PI ' 

K'(C) = (WI + m" :-J~_I_4_m_'_W_' 

We note that 

'"Jd X [Xl _ cp! -(-{}---X-)]' _;----I-,--~ 
o 

= 2n (xl/(v;;f=i) + (x,/(vxr=-I) . 
(:Vl:l:a + V:v~ 1'V:V: - 1 - cos ({) - iX) 

From (23) analytic properties in C and Lli follow. On the energy shell, 
i.e. C=pl, we can introduce y=xlx.+Vx:-iv:i{=-i as a new integration 
variable. Only integrations over y and IX remain; the other integrations result 
only 	in a new weight function iP(y, cos IX, WI· 

The minimum value of y is 

Yo Min {XlX, + v;:cr-=-lv:v: -I} = 2:v: - 1· 

Therefore 

'" ."
M(W', LI') 21m T =fdyfdlX _iP(y, cos a, W)_

'0 - cos ({) - iX) • 
2",:-1 (I 

This proves the statement (14). 
It 	can be seen now that the analytic continuation o~ 1m T defined by 

(loa) yields the correct non-physical part of the dispersion relation integrand. 
In 	the proofs of these relations (3.4) it is shown first that-as a consequence 
of Eq. (I)-a dispersion relation in OJ holds if Cis taken real and ,< A'. 
The absorptive part in this relation is M(W, C, LlI) as given by (18) and (23). 

The dispersion relation for the physical value C pi is then obtained by 
analytic continuation in " provided M(W, C, LlI) is an analytic function of ~ 
regular for Be ~ <. pi in a neighborhood of the real axis. It follows from (23) 

that this condition is satisfied if 

LI' < Min {K" :v~} . 

This is also the condition for the convergence of the Legendre sel'ies. The 
absorptive part of the dispersion relation is tIlen given by (23) with, = p'; 
i.e" the non-physical region is obtained by analytic continuation in LIt which 
can be camed out by the Legendre' expression (loa). 

.. ~ 
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The possibility of ev!tlwtting the non-physical region in this mllnn(>r has 
been discussed earlier ("). While no proofs Wel"e given, it was bdieved 011 the 
basis of threshold arguments that Buch a procedure could be valid only if 
AI < pi, due to a branch point of the scattering amplitude as It function of LI'. 
We have shown that the expansion converges also for higher values of LI'; 
the li'mit being LIt 2p' in the case of equal partiele scattering. We believe 
that this is due to the fact that the real and imaginary part of the amplitude 
are separately analytic fun<:tions of LI' and have different properties. }<'or 
the dispersion relation only the imaginary part is needed and it has a larger 
domain of regularity. The mentioned branch point is likely t,o he prespnt in 
the real part. 

While we have no good reason to believe that our results are best possible, 
the expect,(l(} apponrnnce of a singularity in Uw real pa.rt gives Its-via the 
unitarity relation (16)-an upper limit to the values of LI" for whieh NI(> I.e
gendre expam,ion for the im!tginary part might converge. In the case of equal 
particle scattering the expected branch point of the real part at, LI" = 1P{4 
1eads to the limitation LI" < 8p' for the Legendre expansion of the imllginllry 
part. 

....... 
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RIASSUNTO (.) 

8i dimostra clle Ie ampiezze di scattering lIanno proprieta analitiche come fUllziolli 
.del trasIerimento dei momenti. Gli 8viluppi parziali dene funzioni d'onda che definiRcono 
Ie ampiezze fisiche eli scattering contilluano a convergere ller valori complessi deIl'an

.golo di scattering e definillcono unioamente Ie ampiezze cite compaiono nella. rej:\'ioue 
non fisiea del\e relazioni di dispersione non in avanti. Gli 8vilnppi convergono per tutti 
i valori del traRferiment,o dei momenti per oui Rono st·ate dimostrate esatte 1(' relazioni 
di dispersione. 

(-) Traattzione n ('urn della Rf'tlnzrone. 
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